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1. Equations of Motion

e Navier-Stokes equation:

a—u+(u )u:—EDpH/Au
ot Jo,
=0

Equation (1) can be transformed to the vorticity transport equation:

E+(U| Nw=(wd)u+VvAw

where

w=(w,w,, w;)=Uxu=rot(u)



KINEMATCIS OF VORTICITY
=0

u=>0xA OHCOxA)=0
Oxu=w  Ox(OxA)=0(HLA)-AA

A =(A.AA,) - vector potential

It Is assumend thatd[A = ,0 yd

AA =-w, 1=1,2,3
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. The strength of vortex tube is

uniform along the tube

. The strength (circulation about

any closed circuit C) is invariant
in time.

. Vortex line are material lines

gt = V(X)

The loop at time t+dt
created by the same

fluid particles

(1) (3)
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Two -Dimensional simulation(2D)

A =(0,0,¢) u=0xA=(u,v,0 = (Gl;l// oY 0

ov _ou
ox oy
0. w+Uullllw=VAw, Helmholtz equations.

AY =-w, (Poisson eqguation) W=

If v=0, (invicid fluid) then: aa)+uD]]w—O;—ctd— Q

So in 2D the vorticity is constant along the trajectory



Computationl algorithm In 2D:

1. Particle approximation and redistibution to the grid nodes :

a)(x):ZN:apé'(x—xp); ay = jw(x)dx h2a(x,)
N
.
/

W =) N (X,)
P

2. Solution of the Poisson equation for stream function and
calculation of the velocity

AY =-w, 6(// V= 9y
oy 0X
| _ dx
3. Displacements of the particles : d’[ =u

4. Simulation of viscosity and realisation of non-slip boundary condition



REDISTRIBUTION

INTERPOLATION FUNCTIONS

After particles movement, in order to solve the diffusion equation, it is necessary to
transform the information about vorticity from the particles onto mesh nodes

1 r—x
wj:ﬁzrpﬂo( X p)
p

@ Particle inside of the domain

1— 222 4 2|zf3 |z| < 1
p(z) = 32— [2)?(1—|z]) 1<z <2
0 |z| > 2

e
X

@ Particle near the wall

i=2 " 1—32% — 3Jz| j=0,|=z| <1
j=1 ! p(z) = ¢ —22 + 2|z 3=1,]¢ <1

1= 32— 3lzl =22 <1

Both interpolation kernels conserve three first moments I = Zp 2*ly, @«=1,2,3 ﬂ



Simulation of viscosity

1. Stochastic approach (Chorin, JFM 1973):

The particle path is regarded as a stochastic process define
by Ito stochastic differential eqution:

dX (X,,t) =u(x,,t)dt+v2dW (x, t), p=1,..N

xp V2= X0+ Atu"( X, )

n+l _ ,n+Y2
X, =X, F 2|/Ath

N® = cos(2rtU?),/(-2In(U?)
N®@ =sin(2mU®),/(-2In(U?)

2. Simulation of the viscosity by Particle-Strength Exchange (PSE) method

Xo~Xp

h

B, :uh—lzi(aq - )N ey



Realisation of the no-slip boundary condition

No-slip condition is relized by generation of the proper amount of the
vorticity on the wall. The distribution of the vorticity inside of the flow
domain generates non-zero tangent velocity at the wall u..

This undesirable tangent velocity can be cancel by proper
vorticity flux:

du _ u(t +At) —u(t) :_@_ ow

EW&,“ At ox oy
a—a) — VAC(), a_a) = — Ys
ot dy VAt
a(X,y,0)= 0,
a_a):—L_ wnew :a)old +wgen
on ot [




Flow in channel with symmetric

sudden expansion
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Flow in channel with symmetric
sudden expansion cont.

(Experiment by Durst,Melling, Whitelaw, JFM 1974)



Eruption of the Boundary Layer-
Motivation

surface eruption

Fig. 20. Experiment demonstrating secondary vortex birth.

Photo courtesy of M. Stanislas and P. DuPont, Ecole Centrale
de Lille. Panton, 2001, JPAS

streamwise
vortex

Doligalski, Smith, Walker, 1994, Ann. Rev. Fluid Mech.



Problem formulation

y A
5
yd
=015 4
U © wi+1u-Vw =vAw
AY = —w, u=0yy, v=-0¢ (1)

—i—p
¢|a:=0 = 'lbla::[, ’ ¢|y=0 = wly:f.op =0

t=0,..., 120, dt=0.02, ni=4E-5, omega_0=-5 -t = 1 0 0

H.Kudela, Z. Malecha Re = 17670; v=0.0002 Re=17v
Fluid Dyn. Res., 41,2009 The sequence of induced secondary vortex structures
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Interaction of the Vortex with the Wall
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Z. Malecha, PhD. Thesis, 2009



Flying insects

2D approximation

X
T v oms Center of the wing movement
N a(t) = ag + a cos(2wft)
I \3 [z(t), y(t)] = Ao cos(2mft)[cos(B), sin(5)]

T T. Kozlowski, PhD. Thesis, 2011
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In new variables (£, 7)) the equations of motion are
4
2 Ow . ow ® ow Vv &
— 4t u— 4+ v— = -Aw
>0 ot OE an J
4
P R G| where J denotes Jacobian of the conformal transformation
(xy) == (Gn) 9z 9z
o o
6 J = det 3_5 3_2
5 o& on
{‘:4 The velocity field is determined with the formulas
) 1 o 1 o
U=——, = ———
‘ J on J O¢

0.5 1 1.5
- = E
= s - £ =2

THE MAIN ADVANTAGE OF CONFORMAL MAPPING APPLICATION:

by the conformal mapping the physical non-rectangular flow region (z, y) is replaced
by the rectangular one (&,7), in which the fast Poisson solvers can be used.




TEST OF THE VIC METHOD

@ FLOW OVER CYLINDER @ FLOW OVER ELLIPSE. Re = 10000
experiment, Re = 9500

experiment

e AR S

calculation, stream function calculation, vorticity field

y/

calculation, drag coefficient comparison
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Drag coefficient

Z.J.Wang
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Koumoutsakos & Leonard
[} Present work
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Kudela, Koztowski, J. Theor. Appl. Mech.,47, 2009




The change of topolgy of vortex street

the transient velocity profile

AIAA-paper, 2009

thrust force

averaged velocity field



Flapping scheme in living nature

Simplification

Insects

Foil oscillation

A
y(t) = 70 sin(27ft)

Flapping system can be analysed in terms of
W%ﬂ\ three main non-dimensional parameters

U A
Re:—oc. St:f—c AC:—O

v Uy’ c



Transitions of the vortex street
of a flapping foil, Re = 100

o Karman vortex street e reversed Karman vortex street
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Kudela, Kozlowski, Chem. And Process Eng. ,31,2010




Phase transition diagram

Deflected vortex wake,
thrust and lift force

Chaotic vortex wake

............................




Departament of Aerospace Engineering
prof. K. Sibilski group

The Rolling Hills Research Corporation Flow Visualization Water Tunnel



Flapping mechanism
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P. Czkatowki, Department of Aerospace Engineering



Flow Visualizations

F-16 UAV project

Department of Aerospace Enginnering, prof. K. Sibilski, dr Gronczewski



3D VORTEX IN-CELL

The velocity of the particles are caclulated by solving Poisson equations
by finite diffrence method for vector potential:

AA B _a)l’ I = 1’ 2’ 3 L p rticle

To obtain the grid values for &J(]) J|
the redistribution of weights particles process C‘J.(J]
must by done:

( a_@.(X

Zp: # %) 3 20 J; =2 g (x;)=h’

\ , # -
M 7 JJ | ¢, — 3D B-spline
0, Jj - of 3th order

Velocity of the particles is obtained
Velocity on the grid nodes is by the interpolation:

calcualated by finite differences
u(x,)= > u(x )L (x
u(x;) =txA (%p) 2 (%)L (%,)



VORTEX RING MOTION (Regucki, Ph.D 2003 __

B)
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Geometrical parameters of the ring:
- Inner radius ry= 0.3
- outer radius Ry;=1.5
- circulation /=10

-number of the grid nodes: i =)=k =101
-AX=Ay =Az=h=0.1

- time stepAt = 0.02

RLEE LS - number of vorticity-particles: N = 12100




VORTEX GAME (Leap-frogging)

Kudela, Regucki, ICCS, 2004

Parameters:
- r,=0.15r,=0.15 -kinetic energyT, = 5.25-variation~-3%,
- R =15R,=15 - helicity H, = 10°,

- [1,=1.0,/,=1.0 - divergence oA, u, w; ~ 10°,




Reconnection of vortex |
rings :

=

0508 1 1.5 2 25 3 3234

t=27.0 x

Regucki, PhD thesis,2003



Parallel Computations — vortex ring

circulation

Analytical and numerical velocities of
the vortex ring

Andrzej Kosior,PhD. student
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t=3.0
t=1.5
t=0.0

t=4.5

Evolution of the vortex ring




CUDA Hardware

CUDA hardware structure:
e multiprocessors,

e streaming processors,

e one instruction unit per
multiprocessor,

In CUDA architecture we can
distinguish following memory types:
e device memory,

e texture memory,

e shared memory.



Multigrid method
For Poisson equation

Multigridgrid method

(11 13 1) Ary= Ahu _f
@ r'=f"-A"u" u"=u"+e"
° 2h ?h 2h° Fl i yh g% B 2 AT
o : = — =lne
A7 e =r : 2h__ ,2h ,2h 2h . 2h
r=f"—-4"e 42 o2 = 2
Two-grid method L \ o
fr=nyr AMet = e"=e"+I e

4h 4h 4h 4h
F= —A e
f .A4h€4h:f4h

8h__ h k
f=1yr /411_6 by 8

A Full Mulitgrid Method



Test of Multigrid Method

The test problem was a three-dimensional Poisson equation which solution
was following function:

w (X y,2)= sin(2zx) G@in(2zy) &in(27z) ; x,y,20([0,1]

There were two different boundary conditions tested.

1
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Speedup
QO = N W b~ OO N e © O
Speedup

65x65465 120x129x129 257x257x257 GoMESNEs Task1zanize ERTEOTER?
Grid size Grid size
Speed-up for Dirichlet boundary condition Speed-up for periodical boundary condition

Computations were performed on:
CPU (Intel i7 960),
GPU (NVIDIA GeForce GTX 480).



Summary

e Vortex Methods provide natural,
useful tools for analyzing the flow in
terms of vorticity dynamics

e VM are rubust and give reasonable
results at a wide range of Reynolds
number

e 3D VM are very promising for
parallel computations



